If each critical point is degenerate, then the conclusion that M is homeomorphic to a sphere is true. This was proved by Milnor [8] (1959) and by Rosen [10] (1960) .
With the aid of some techniques of Dyer and Hamstrom, recent results of Kirby, Edwards, and Cernavskii on spaces of homeomorphism on manifolds, and a selection theorem of Michael it is not difficult to establish the following topological version of Theorem A. THEOREM [5] for details. The collection G of all G p has the properties (1) G* (the union of the elements of G) is a complete metric space, (2) each G p e G is LC° (in the homotopy sense) by [1] , [3] , and (3) G is equi-LC°. It follows from [2, 4, Theorems 4, 5, and the remark p. 113] that M -{a,b} s S n x (0,1). Consequently, M £ S" +1 .
REMARK. The condition that f~1(p)^S n in
Theorem B is a natural requirement since it follows from the hypothesis of Theorem A that the inverse of each point under ƒ is a manifold, in particular, a sphere of some fixed dimension n.
Characterization of manifolds. Similar characterizations of manifolds are possible although proofs are somewhat complicated by the existence of more than two topological "critical" points and "levels." Rather general theorems will be published elsewhere with sufficient details. The following special case illustrates the techniques involved and a simple but crucial idea which allows us to prove analogues of Theorem B for manifolds. Before giving a sketch of a proof, we define what we mean by a completely regular mapping with respect to a collection of arcs as used above. That is, given e > 0, there is a ô > 0 so that if p, q e (0,1) and \p -q\ < ô, then the four 1-simplexes of ƒ -1 (/?) can be mapped by homeomorphisms h x , h 2 , h 3 , and h 4 onto the four 1-simplexes of f~1(q) so that no point of f~1(p) is moved more than s. We say that f~1(p) is piecewise homeomorphic to f~ x (q).
OUTLINE OF A PROOF OF THEOREM C. Let C denote a circle triangulated into exactly four 1-simplexes (also four vertices). If C 1 and C 2 are a pair of disjoint circles triangulated into exactly four 1-simplexes, then the space of all quadruples of homeomorphisms (4-piece homeomorphisms) of C onto C x u C 2 taking the 1-simplexes of C onto the 1-simplexes of Q u C 2 is locally arcwise connected. Furthermore, this space is homeomorphic to the space of all 4-piece homeomorphisms of C onto C (fixed triangulation). For each x s (0,1) and fixed triangulation of C, let G x denote the space of all 4-piece homeomorphisms of C onto ƒ " 1 (x). Now, let G denote the collection of all G x and G* denote the union of the elements of G. It follows that (1) G* is a complete metric space, (2) G x for each x e (0,1) is LC°, and (3) G is equi-LC°.
An application of Michael's selection theorem as given in the proof of Theorem 4 of [2] , [4] yields the desired result.
Characterizations of n-manifolds may be obtained in a similar manner. Detailed proofs of the more general theorems will appear elsewhere. 
